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Abstract

An analytical model to predict a threshold stress intensity factor, KIH, for delayed hydride cracking of Zr±2.5Nb

alloy was developed based on a criterion to fracture hydrides: rA
max�rc� � rh�rc� � rh

f . The hydride platelet is assumed to

cover a process zone ahead of the crack tip. By using the cohesive zone model and von Mises yield criterion at the

boundary of the cohesive zone, the cohesive stress and the cohesive zone length (or the process zone length) were

determined. The maximum stress and a critical distance in the process zone, corresponding to its occurrence, were

obtained by assuming an elastic and linearly plastic materials with a constant tangent modulus, Et. The feasibility of the

developed KIH model was discussed by comparing the predicted KIH with the measured one by accounting for a

temperature dependence of KIH. Ó 2000 Elsevier Science B.V. All rights reserved.

PACS: 62.20.M

1. Introduction

Delayed hydride cracking (DHC) of zirconium alloys

is caused by di�usion of hydrogen (or deuterium) atoms

to the vicinity of a crack tip, nucleation and growth of

hydride platelets and fracture of the platelets. An initi-

ation of DHC is controlled by the following two pro-

cesses: the precipitation and growth of a hydride near

the crack tip and a su�ciently high tensile stress enough

to fracture it [1]. There are three kinds of initiation sites

in zirconium alloys: a sharp crack or notch, a shallow

and very smooth notch and a nominally smooth surface.

However, a di�erence in de®ning stress ®elds at the three

initiation sites will lead to di�erent threshold parameters

for crack initiation [2±9]. This study paid an attention to

fracture initiation at a sharp crack.

The concept of fracture initiation at a sharp crack in

zirconium alloys can be based on a local criterion of

brittle fracture. The basic idea of the local criterion is

that fracture occurs when the local stress reaches a

critical value at a distance of r � rc ahead of the crack

tip inside the process zone [10].

However, the question is how to de®ne the maximum

stress and the critical distance, rc in the process zone and

the length of the process zone. Shi [6] and Wappling [9]

assume that the tensile stress remains constant as the

maximum value in the process zone. Further, the critical

distance, rc, corresponding to the occurrence of the

maximum stress, is assumed to be equal to two times the

crack tip opening displacement, or 2d for an elastic-

perfectly plastic materials [6]. Besides, the hydride

thickness is assumed to be constant independently of

temperature even though the hydride thickness precipi-

tated ahead of the crack tip increases with an increasing

temperature [11]. As a result, there are some restrictions

in predicting the threshold stress intensity factor, KIH,

leading to a disagreement between the measured and

predicted KIH values [6,9].
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The aim of this study is to develop an analytical

model to predict the threshold stress intensity factor,

KIH for delayed hydride cracking of CANDU Zr±2.5Nb

alloy. The process zone concept and cohesive zone

model were used in this study to calculate the cohesive

stress and the cohesive zone length by applying von

Mises yield criterion at the zone boundary. The maxi-

mum stress and a critical distance in the process zone,

corresponding to its occurrence, were determined by

assuming an elastic and linearly plastic material with a

constant tangent modulus, Et.

2. Fracture criterion

A DHC process at the crack tip is associated with a

crack tip stress ®eld and the di�usion of hydrogen

atoms to the vicinity of the crack tip inside the process

zone. The hydrogen accumulation in the process zone

leads to the precipitation of hydride platelets at the

peak stress location ahead of the crack tip. However,

the precipitation of hydrides accompanies compressive

stresses in the matrix because of the increased volume

of zirconium hydrides compared to that of metal zir-

conium [12±14]. Therefore, the tensile stress ®eld ahead

of the crack tip due to remotely applied stress and the

compressive stress associated with hydride precipita-

tion must be considered at the same time. In other

words, a process zone ahead of the crack tip is

determined by the applied stress as well as the com-

pressive stress accompanied by the hydride precipi-

tation.

Since no matrix ligament is experimentally observed

between the crack tip and intact hydrides [11], it is rea-

sonable to assume that the crack growth proceeds

through fracturing of a hydride platelet precipitated at

the crack tip. The hydride platelet of L long covers the

process zone length, d due to L P d (Fig. 1(a)). The re-

motely applied stress and the hydride precipitation

process create a local stress within the hydride. It is also

supposed that only the normal stress component of the

local stress in the vicinity of the crack tip is active in the

process zone. The local stress within the hydride is given

by a linear superposition of two type of stresses: (a)

rA�r�, normal to the crack plane, in the vicinity of the

crack tip by an applied remote stress and (b) compres-

sive stress, rh�r�, caused by the volume di�erence be-

tween zirconium and zirconium hydride. Hydrides

fracture when the maximum superimposed stress of

rA�r� and rh�r� is equal to a critical stress to initiate

fracturing of hydrides, rh
f (Fig. 1(b)). Therefore, a local

fracture criterion to fracture hydrides can be described

as

rA
max�rc� � rh�rc� � rh

f : �1�

2.1. Determination of rcoh and the cohesive zone length, d

In an in®nite plate with a crack length 2a under the

applied tensile stress, the principal normal stresses on

the crack extension line can be described (e.g., [15]):

ry�x� � rx���������������
x2 ÿ a2
p ; �2�

rx�x� � ry�x� ÿ r; �3�

rz�x� � m�rx�x� � ry�x�� �plane strain�;
0 �plane stress�:

�
�4�

The crack opening displacement is given by a well-

known expression

d � 4r
E0

���������������
a2 ÿ x2
p

; �5�

where E0 � E for plane stress and E0 � E=�1ÿ m2� for

plane strain, E is the YoungÕs modulus and m is PoissonÕs
ratio and r is the applied tensile stress.

To avoid the singularity of stress near the crack tip, it

is assumed that the crack extends virtually from the

actual crack tip at x � a by the cohesive zone length d

according to the Dugdale±Barenblatt type cohesive zone

model (Fig. 2) [16,17]. Within this zone, the crack sur-

faces are loaded by the cohesive stress. For simplicity,

Fig. 1. Process zone model: (a) the hydride platelet of length

L covering the process zone of length d; (b) the local stress

distribution within the process zone.
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the cohesive stress is assumed to be constant. However,

since the cohesive stress is associated with the disconti-

nuity of materials, the cohesive zone length can be

considered the same as the process zone length. Then,

the cohesive zone length, d, was determined by putting

the stress normal to the line of the virtual crack exten-

sion equal to the stress at the boundary of the cohesive

zone (a criterion of border stress):

ry�x � d� � rcoh: �6�

By combining Eqs. (2), (5) and (6), the cohesive zone

length and the crack tip opening displacement (assuming

a ®nite crack of 2a� 2d long) in an in®nite plate with a

®nite crack was obtained:

d � K2
I

pr2
coh r=rcoh� �2

1���������������������������
1ÿ r=rcoh� �2

q
0B@ ÿ 1

1CA; �7�

d � 4r
E0

���������������������������
�a� d�2 ÿ a2

q
� 4KI

E0

�����������������������
d
p

d
a
� 2

� �s
; �8�

where KI � r
������
pa
p

.

The cohesive stress was calculated by applying von

Mises yield criterion at the boundary of the cohesive

zone:

U rx; ry ; rz; rY

ÿ �
� rx

ÿ ÿ ry

�2 � ry

ÿ ÿ rz

�2 � rz� ÿ rx�2 ÿ 2r2
Y � 0:

�9�

Here, rY is the yield stress, the stresses, rx and rz are

given by Eqs. (3) and (4). From Eqs. (6) and (9), then

rcoh was determined as such

rcoh �
r
2
� rY

���������������������������������������������������
1
4

r
rY

� �2

ÿ 1�m2ÿm� � r=rY� �2ÿ1

1ÿ2m� �2

r
�plane strain�;

r
2
� rY

������������������������
1ÿ 3

4
r

rY

� �2
r

�plane stress�:

8>><>>:
�10�

2.2. Small scale yielding approximation and critical

distance, rc

The DHC process in zirconium alloys is associated

with brittle fracture because critical applied stress is

much smaller than the yield stress. In other words, the

length of the cohesive zone (the inelastic region) is

negligibly small compared to the crack length so that a

small scale yielding approximation is valid. The condi-

tion d=a! 0 is equivalent to r=rcoh ! 0 (r=rY ! 0).

Thus, Eqs. (7) and (8) are reduced to as in the following,

independent of the crack length:

d � K2
I

2p rcoh� �2 ; d � 4

p
K2

I

E0rcoh

� �
: �11�

Furthermore, as the yield stress becomes much greater

than applied stress, i.e. when r=rY ! 0, the cohesive

stress shown in Eq. (10) is approximated as such

rcoh � rY= 1ÿ 2m� � �plane strain�;
rY �plane stress�:

�
�12�

A numerical analysis of the stress distribution at the

crack tip shows that there is a maximum of the local

stress at some distance away from the crack tip [15,18].

Furthermore, the presence of the maximum local stress

has been con®rmed experimentally by Leitch [19], who

measured the elastic lattice strain of (0 0 0 2) plane ahead

of the crack tip with time-neutron di�raction measure-

ments. Since the cohesive stress must vanish at r � 0 and

obey the boundary condition (6) for the cohesive zone,

therefore, it is quite reasonable to assume that the co-

hesive stress is not kept constant but has a maximum

somewhere in the cohesive zone. Furthermore, to sim-

plify the calculation of the maximum stress and its lo-

cation, we suggest that the cohesive stress linearly

increases from zero to the maximum stress and decreases

down to the cohesive stress, rcoh, given by Eq. (12) as

shown in Fig. 1. From the concept of force balance [20]

and setting rcoh r� � � rA r� �, the critical distance, rc, was

obtained as such

rc � rA
max

rA

�
ÿ 1

�
d: �13�

2.3. Maximum stress, rA
max

To determine the ratio of rA
max=r

A, we consider the

deformation behaviour of a hypothetically smooth

microspecimen of unhydrided Zr±2.5Nb in the process

zone. In this case, the ratio rA
max=r

A could be expressed

as the ratio of the ultimate tensile stress rt of the

microspecimen situated at the point r � rc to its yield

stress. Since a DHC crack grows by fracturing of a

hydride reprecipitated near the crack tip, it is assumed

that the process zone ahead of the crack tip is covered

Fig. 2. The cohesive zone model ahead of the crack tip.
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with the hydride. When the applied stress exceeds the

ultimate tensile stress of the microspecimen, we assume

that the hydride covering the microspecimen is frac-

tured at the thickness, t, corresponding to the extended

length of the microspecimen on the condition of r � rt.

As the microspecimen elongation corresponds to the

threshold crack tip opening displacement, d1H, there-

fore, the strain, et, corresponding to the stress rt, was

approximated as the ratio of the threshold crack tip

opening displacement d1H to the hydride thickness t for

dIH < t:

et � dIH

t ÿ dIH
� dIH

t
:

The mechanical behaviour of the hypothetical mic-

rospecimen can be described by an uniaxial stress±strain

curve of Zr±2.5Nb. If this material is assumed to behave

elastic and linearly plastic with a tangent modulus Et,

the ultimate tensile stress can be described by

rt � rY � et� ÿ eY�Et; �14�
where eY � rY=E. Thus, the ratio rA

max=r
A is represented

as follows:

rA
max

rA
� rt

rY

� 1� d
t

�
ÿ eY

�
Et

rY

: �15�

A di�erence in the real stress state ahead of the crack tip

and the hypothetical microspecimen under uniaxial

tensile loading was ignored, since we consider the rela-

tive values of stress, rA
max=r

A and rt=rY. From Eqs. (11)±

(13) and (15), the critical distance rc was obtained:

rc � jd; �16�
where j is given by equations

j � 4

p
1ÿ m2� � 1ÿ 2m� �K2

IH

r2
Yt

�
ÿ 1

�
Et

E
�plane strain�

�17�
and

j � 4

p
K2

IH

r2
Yt

�
ÿ 1

�
Et

E
�plane stress�: �18�

Thus, rA
max stress becomes

rA
max � 1� � j�rA: �19�

It is note that according to Eq. (19), the local maximum

stress has a dependence on the yield stress, the threshold

stress intensity factor, the thickness of the crack tip

hydride and the ratio, Et=E, as well.

2.4. Compressive stress caused by hydride precipitates

The stress within a hydride generated by the hydride

precipitation in the absence of the applied stress can be

calculated considering a representative simple geometry

for hydride platelets. These platelets lie in, or close to,

the crack plane. The hydride platelet only generates a

stress free (transformation) strain normal to the disk-

shaped platelet �e?� while all other components are zero.

Thus, by using the equations suggested by Smith [21]

and Shi [6], a simple expression for the compressive

stress rh was obtained at larger values of r r > 0:25t� �.

rh � ÿ Ee?
4p 1ÿ m2� �

t
r
: �20�

If the critical distance rc does not satisfy the condition

rc P 0:25t, another equation for rh can be used by

considering the free surface e�ect on rh at the crack tip

region

rh � ÿ Ee?
4p 1ÿ m2� �

t
r � Dt

; �21�

where D � 1
2p exp ÿ6:518r=t� � [6].

3. Prediction of KIH for Zr±2.5Nb alloy

3.1. Threshold stress intensity factor

An expression for the threshold stress intensity fac-

tor, KIH, was derived from the local fracture criterion

Eq. (1) by putting Eqs. (11), (12), (16), (19) and (20) into

the Eq. (1) and by setting r � rc, rcoh � rA

K2
IH �

ErYe?t

2j 1ÿ m2� � 1ÿ 2m� �2 1�j
1ÿ2mÿ

rh
f

rY

� � �plane strain�;

�22�

and

K2
IH �

ErYe?t

2j 1� jÿ rh
f

rY

� � �plane stress�; �23�

Eqs. (22) and (23) are transcendental equations, since

the factor j, given by Eqs. (17) and (18) for plane strain

and plane stress, respectively, changes with KIH.

In addition, a mixed plane condition is assumed in

the process zone [9]. It is because fracturing of hydrides

occurs in the process zone whose size is determined by a

plane stress condition while the local stress in the process

zone is supposed to be in the plane strain condition. In

other words, while the process zone is formed in the

plane stress condition due to applied stress, the precip-

itation and growth of hydrides in the process zone

change the stress triaxiality to the plane strain condition

at the point r � rc. In this case, K1H was expressed as

such
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K2
IH �

ErYe?t

2j 1ÿ m2� � 1�j
1ÿ2mÿ

rh
f

rY

� � �mixed plane condition�;

�24�
where the factor j is described by Eq. (18) for the plane

stress condition. It is very important to note that a linear

strain hardening in the plastic region has been consid-

ered in the model through the factor, j.

3.2. Comparison of the predicted and measured KIH for

Zr±2.5Nb alloy

The threshold stress intensity factors, KIH, of Zr±

2.5Nb alloy were calculated using Eqs. (22)±(24). Here,

the assumptions used in the calculation are Et=E � 0:01

and the transformation strain, e?, of about 0.17 [13]

while other mechanical constants used in the calcula-

tions are given in Table 1.

Assuming a constant hydride thickness of t � 2 lm,

the calculated threshold stress intensity factor, KIH, de-

creased with an increasing temperature as shown in

Table 2, which is quite opposite to the measured tem-

perature dependence of KIH [6]. The reason for a large

disagreement between calculated and measured KIH

values could be attributed to a constant hydride thick-

ness independent of temperature.

Shek has reported that the length and thickness of

hydrides increase with an increasing DHC temperature

[11]. Therefore, the temperature dependence of hydride

thickness must be included into the equations describing

the threshold stress intensity factor. Unfortunately, to

our knowledge, there is a limited number of measure-

ments reported in literature that directly determines the

change in the hydride thickness with temperature in Zr±

2.5Nb alloy.

From a strain of the microspecimen ahead of the

crack tip, the hydride thickness can be related to the

threshold crack opening displacement, d1H at the mo-

ment of the crack initiation. From Eq. (11), the hydride

thickness was expressed as such

t � d1H

et

� b
1

E0rA

� �
here b � 4K2

IH

pet

: �25�

It is assumed that b changes little with temperature.

Then, Eq. (25) suggests that the hydride thickness in-

creases with decreasing yield stress and YoungÕs modu-

lus or with an increasing temperature. Fig. 3 shows a

change of the hydride thickness with temperature in the

plane strain and plane stress conditions. By putting the

hydride thickness variation with temperature (as shown

in Fig. 3) into Eqs. (22)±(24), K1H was calculated again

as shown in Table 3. The largest K1H values were still

obtained from the plane strain condition as opposed to

other conditions. Furthermore, the temperature depen-

dence of K1H did not appear neither in the plane stress

nor plane strain conditions. In contrast, the calculated

K1H in the mixed condition shows an increasing trend

with an increasing temperature, whose values seem to be

a bit lower than the measured K1H. In other words, the

temperature dependence of K1H is best described by

Eq. (24) only in the mixed condition.

There are at least a few factors that could a�ect the

theoretical estimation of the threshold stress intensity

factor. One thing is to account for the temperature e�ect

of the ratio Et=E. Another thing is the coverage of hy-

drides ahead of the crack tip. It is assumed that a single

hydride platelet covers the process zone up to now.

However, considering the formation of multi-layered

hydrides in the process zone and possibly uneven

Table 1

Mechanical properties for Zr±2.5Nb [6]

E � 95900ÿ 57:4 T �K� ÿ 273� � (MPa)

m � 0:436ÿ 4:8� 10ÿ4 T �K� ÿ 300� �
rY � 1088ÿ 1:02T �K� (MPa)

rh
f � 7:357� 10ÿ3E

Table 2

The calculated KIH(MPa
����
m
p

) value of unirradiated Zr±2.5Nb with the constant hydride thickenss of t � 2 lm

Temperature (K) Plane condition model

Plane strain Plane stress Mixed plane condition

350 14.1 6.4 3.8

500 8.5 5.3 3.6

Table 3

The calculated KIH (MPa
����
m
p

) of unirradiated Zr±2.5Nb with a variable hydride thickness with temperature as shown in Eq. (25)a

Temperature (K) Plane condition model

Plane strain Plane stress Mixed plane condition

350 12.4 7.9 4.7

500 12.3 7.8 5.3

a A mean experimental range of KIH values is 6 to 8 MPa
����
m
p

at temperatures ranging from 350 to 500 K [6].
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coverage of hydrides across and along the front of the

crack tip [6,9], the predicted value of KIH could become

larger

KIH � fK s
IH � 1� ÿ f �KZr

Ic : �26�

Here, f is the fraction of hydride coverage ahead of the

crack tip, Ks
IH is the threshold stress intensity factor with

the coverage of a single hydride platelet, which was de-

rived from Eq. (24) and KZr
Ic � 30� 0:045�T ÿ 300�

(MPa
����
m
p

) [9] for fracture toughness of CANDU Zr±

2.5Nb alloy containing hydrides. Fig. 4 shows a com-

parison of theoretically predicted KIH values (Eqs. (24)

and (26)) and the measured ones as a function of tem-

perature with f varying from 0.9 to 1.0. Here, all the

measured threshold stress intensity factors reported by

Shi [6] and Sagat [22] were put together for the tem-

peratures ranging from 350 to 600 K to clearly ®nd out

the temperature dependence of the measured K1H.

The predicted KIH values are weakly dependent on

temperature and correspond quite well to the measured

KIH values. The temperature tendency of KIH in the de-

veloped model could arise mostly from the temperature

dependence of the hydride thickness and the maximum

local stress within the process zone associated with the

value of �1� k�=�1ÿ 2m� ÿ rh
f =rY. This is in contrast to

ShiÕs model [6] that poorly predicts the temperature de-

pendence of the measured K1H by assuming the constant

local stress with the process zone and constant hydride

thickness independent of temperature. It is to note that

the temperature e�ect of the ratio, Et=E, on KIH has not

been taken into account for the present calculation.

Nevertheless, the predicted KIH is qualitatively consistent

with the measured data, while the predicted KIH with

the coverage of a single hydride (f � 1) represents the

lower bound of the experimentally measured KIH.

4. Conclusions

An analytical model to predict K1H for delayed hy-

dride cracking of CANDU Zr±2.5Nb alloy was devel-

oped based on a local fracture criterion. The hydride

platelet is assumed to cover a process zone ahead of the

crack tip. By using a cohesive zone model and von Mises

yield criterion at the boundary of the cohesive zone, the

cohesive stress and the cohesive zone length (or the

process zone length) were determined. The maximum

stress and a critical distance in the process zone, corre-

sponding to its occurrence, were obtained by assuming

elastic and linearly plastic materials with a constant

tangent modulus, Et. Depending on the stress state

ahead the crack tip, three di�erent kinds of predicted

K1H values were obtained for a plane stress condition,

plane strain condition and mixed plane condition.

Comparison of the predicted and measured K1H values

shows that the predicted K1H in the mixed plane condi-

tion covers the lower bound of the measured K1H values

with a gradual increase of hydride thickness with tem-

perature. By introducing a fraction of hydride coverage

ahead of the crack tip in the process zone, a qualitatively

good agreement between the predicted and measured

K1H values was obtained.
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Fig. 4. Comparison of the predicted threshold stress intensity

factors (Eq. (24)) of unirradiated Zr±2.5Nb and the measured

ones with the area fraction, f, of hydride coverage in front of the

crack tip ranging from 0.9 to 1.

Fig. 3. Temperature dependence of the hydride thickness pre-

cipitated in the process zone of unirradiated Zr±2.5Nb alloys

for various stress state conditions.
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